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Abstract
In this paper, the translational hull of a type-A semigroup is considered. Our main result is to
prove that the translational hull of a semilattice of cancellative monoids (respectively a proper type-A
semigroup, an E-reflexive type-A semigroup) is still the same type of semigroups. This answers an
open problem posted by Petrich on translational hulls of semigroups in 1984.
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1. Introduction
We call a mapping λ which maps a semigroup S into itself a left translation of S if
λ(ab)= λ(a)b for all a, b ∈ S. Similarly, a mapping ρ which maps S into itself is called
a right translation of S if (ab)ρ = a(bρ) for all a, b ∈ S. A left translation λ and a right
translation ρ of S are called linked if a(λb)= (aρ)b for all a, b ∈ S. The pair (λ,ρ) of a left
translation λ and a right translation ρ which are linked is called a bitranslation of S. Denote
by Λ(S) (respectively P(S)) the set of all left (respectively right) translations of S. If Ω(S)
is the set of all bitranslations of S, then Ω(S) forms a subsemigroup of Λ(S)× P(S). We
call the semigroup Ω(S) the translational hull of S. Translational hull is an important
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X. Guo, K.P. Shum / Journal of Algebra 269 (2003) 240–249 241concept in the theory of semigroups. For more details of translational hulls, the reader is
referred to [8] and [9].
Recall that a semigroup S is abundant [4] if each L∗-class and each R∗-class of S
contains an idempotent. According to J.B. Fountain [3], an abundant semigroup is called
adequate if its idempotents commute. Furthermore, an adequate semigroup S is called
a type-A semigroup [7] if for all a and for all idempotent e, eS ∩ aS = eaS and Se ∩
Sa = Sae. The structure of type-A semigroup was investigated by S. Armstrong [1] and
M.V. Lawson [6]. In fact, A. El-Qallali and J.B. Fountain [2] called an abundant semigroup
S idempotent-connected (in brevity, IC) if for each a ∈ S and for some a+ ∈ R∗a(S) ∩E,
a∗ ∈ L∗a(S) ∩ E, there exists a bijection α : 〈a+〉 → 〈a∗〉 such that xa = a(xα) for all
x ∈ 〈a+〉. Then, it was proved by J.B. Fountain [3] that an adequate semigroup S is IC if and
only if S is a type-A semigroup. The aim of this paper is concerned with the translational
hull of a type-A semigroup. We prove that the translational hull of a strong semilattice
of cancellative monoids (respectively a proper type-A semigroup, an E-reflexive type-A
semigroup) is still a semigroup of the same type. This result is an interesting result because
it extends the corresponding result in inverse semigroups to their translational hulls. In
particular, we answer an open problem posted by Petrich in 1984 [9] on translational hulls
of E-reflexive inverse semigroups.
2. Preliminaries
We follow the notions adopted in [3,4]. We first state some known results and notations
which will be frequently used throughout the paper.
Lemma 2.1 [4]. Let a, b be elements of S. Then a necessary and sufficient condition for a
aL∗b is that, for all x, y ∈ S1, ax = ay if and only if bx = by .
As an easy consequence of Lemma 2.1, we have the following useful corollary.
Corollary 2.2 [4]. Let a be an element of S and e an idempotent of S. Then a L∗e if and
only if ae= a and for all x, y ∈ S1, ax = ay implies ex = ey .
Since it is known that for an adequate semigroup S, each L∗-class and eachR∗-class of
S contains exactly one idempotent. For the sake of convenience, we denote the unique
idempotent in the L∗-class containing a by a∗ and the idempotent in the R∗-class
containing a by a+, respectively. Also, we let E(S) (in short, E) be the set of all
idempotents of S. By λa (ρa), we mean the left (right) translation which is defined by
λa(x) = ax (xρa = xa). Let (λ,ρ) ∈ Ω(S). Then we define the mappings λ+, λ∗, ρ+
and ρ∗ which map S into itself by the followings:
λ+a = (a+ρ)+a, λ∗a = (λa+)∗a,
aρ+ = a(a∗ρ)+, aρ∗ = a(λa∗)∗.
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idempotents of Ω(S). The following useful results were due to Fountain and Lawson [5].
Lemma 2.3 [5]. Let S be an abundant semigroup. If λ and λ′ (ρ and ρ′) are left (right)
translations of S whose restrictions on the set of idempotents of S are equal, then λ = λ′
(ρ = ρ′).
Lemma 2.4 [5]. Let S be an adequate semigroup. If (λ,ρ) ∈Ω(S), then
(
λ+, ρ+
)R∗ (λ,ρ), (λ∗, ρ∗) L∗ (λ,ρ).
Lemma 2.5 [5]. Let S be an adequate semigroup. Then Ψ (S) = {(λ,ρ) ∈ Ω(S): λE ∪
Eρ ⊆E} is the set of idempotents of Ω(S).
Lemma 2.6 [5]. Let S be a type-A semigroup. Then Ω(S) is a type-A semigroup.
Lemma 2.7 [5]. For all e ∈E(S), we have
λ+e= eρ+ and λ∗e= eρ∗.
Denote by σS (or, σ ) the minimum cancellative monoid congruence on S. For elements
a, b of a type-A semigroup S, a  b means that there exists e ∈E(S) such that a = eb. It
is easy to see that  is a partial order on S (also see [6]). Following the concept of Lawson
in [6], a type-A semigroup S is called proper if L∗ ∩ σ = ιS = R∗ ∩ σ , where ιS is the
identity mapping of S. The next fact will be useful.
Lemma 2.8 [6]. Let S be a type-A semigroup. Then
σS =
{
(a, b)∈ S × S: for some e ∈E(S), ea = eb}.
3. Strong semilattices of cancellative monoids
In this section, we characterize the relation R∗ on the translational hull of a type-A
semigroup and then we obtain some properties of such hull of a strong semilattice of
cancellative monoids by using our characterizations.
Lemma 3.1. Let S be a type-A semigroup. If (λi , ρi) ∈Ω(S), i = 1,2, then the following
statements are equivalent:
(1) (λ1, ρ1)= (λ2, ρ2);
(2) ρ1 = ρ2;
(3) λ1 = λ2.
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need only verify that (2)⇒ (1).
Suppose that ρ1 = ρ2. To show (2)⇒ (1), it suffices to verify that λ1 = λ2. To see this,
let e ∈E(S), then eρ1 = eρ2. Since
λ1(e)=
(
λ1(e)
)+ • λ1(e)=
(
λ1(e)
)+
ρ1 • e=
(
λ1(e)
)+
ρ2 • e=
(
λ1(e)
)+ • λ2(e)
 λ2(e)
and its similar fact that λ1(e)  λ2(e), we have λ1(e) = λ2(e) and hence λ1 = λ2, as
required. ✷
Lemma 3.2. Let S be a type-A semigroup. If (λ1, ρ1), (λ2, ρ2) ∈Ω(S), then (λ1, ρ1)R∗
(λ2, ρ2) if and only if for all e ∈E(S), eρ1 R∗ eρ2.
Proof. (⇒) Suppose that (λ1, ρ1)R∗ (λ2, ρ2). Then, we let e ∈E(S). If x(eρ1)= y(eρ1)
for all x, y ∈ S1, then for all f ∈E(S), we have
f x(eρ1)= fy(eρ1), i.e., fρxeρ1 = fρyeρ1.
By Lemma 2.3, we have ρxeρ1 = ρyeρ1 . It follows from Lemma 3.1 that (λxeλ1, ρxeρ1)=
(λyeλ1, ρyeρ1), that is, (λxe, ρxe)(λ1, ρ1) = (λye, λye)(λ1, ρ1). Applying the dual of
Lemma 2.1, we obtain
(λxe, ρxe)(λ2, ρ2)= (λye, ρye)(λ2, ρ2)
and whence, we have ρxeρ2 = ρyeρ2. This leads to
x(eρ2)= x+ρxeρ2 = x+ρyeρ2 = x+(ye)ρ2 = x+y(eρ2).
By the above equality together with the fact that S is a type-A semigroup, x(eρ2) y(eρ2).
Similarly, we have x(eρ2)  y(eρ2), and consequently, it follows that x(eρ2) = y(eρ2).
This, together with its dual, implies that eρ1 R∗ eρ2 for all e ∈E(S).
(⇐) Let eρ1 R∗ eρ2 for all e ∈ E(S). Then, by Lemma 2.4, we know that (λ1, ρ1)R∗
(λ+1 , ρ
+
1 ) and (λ2, ρ2)R∗ (λ+2 , ρ+2 ). By using the proof of the necessary part, we can also
prove that for all e ∈E(S), eρi R∗ eρ+i , i = 1,2. This shows that eρ+1 R eρ+2 . Since
eρ+1 ρ
+
2 = e
(
eρ+1
)
ρ+2 =
(
eρ+1
)(
eρ+2
)= eρ+2 ,
we have ρ+1 ρ
+
2 = ρ+2 . Hence it follows from Lemma 3.1 that (λ+1 λ+2 , ρ+1 ρ+2 ) = (λ+2 , ρ+2 )
and so (λ+1 , ρ
+
1 )(λ
+
2 , ρ
+
2 ) = (λ+2 , ρ+2 ). Dually, we have (λ+2 , ρ+2 )(λ+1 , ρ+1 ) = (λ+1 , ρ+1 ).
This shows that (λ+1 , ρ
+
1 )R (λ+2 , ρ+2 ) and hence (λ1, ρ1)R∗ (λ2, ρ2), as required. ✷
To see that the strong semilattice of cancellative monoids is a type-A semigroup,
the verification is straightforward and hence we omit the details. Equivalently, we have
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and only if for all a ∈ S, a∗ = a+ if and only if E(S) is central in S (see [3]). Same
as J.B. Fountain, we now use µL to denote the maximum congruence contained in L∗.
In fact, µL = {(a, b) ∈ S × S: ea L∗ eb for all e ∈ E(S)} for an adequate semigroup S
(for more details, see [3]). It follows from [3, Propositions 2.7 and 2.9] that for a type-A
semigroup S, E(S) is central in S if and only if µL = L∗.
Lemma 3.3. Let S be a strong semilattice of cancellative monoids. Then for all
(λ1, ρ1), (λ2, ρ2) ∈ Ω(S), (λ1, ρ1) µL (λ2, ρ2) if and only if for all e ∈ E(S), λ1(e) µL
λ2(e).
Proof. (⇒) By Lemma 2.5, we see that f ∈E(S), (λf ,ρf ) is an idempotent of Ω(S), for
all f ∈E(S). Suppose now that (λ1, ρ1) µL (λ2, ρ2). Then
(λf ,ρf )(λ1, ρ1) L∗ (λf ,ρf )(λ2, ρ2).
Hence, by the dual of Lemma 3.2, we have for all e ∈ E(S), λf λ1(e) L∗ λf λ2(e). This
implies that f λ1(e)L∗ f λ2(e). Hence λ1(e) µL λ2(e).
(⇐) Let λ1(e) µL λ2(e), for all e ∈ E(S). Then λ1(e) L∗ λ2(e) and this means that
(λ1(e))∗ = (λ2(e))∗. Whence (λ1(e))+ = (λ2(e))+. Now let (λ,ρ) ∈ E(Ω(S)). Then we
can observe that
λλ1(e)= λ
(
λ1(e)
)+ • λ1(e)= λ
(
λ1(e)
)+ • λ1(e)
and
λλ2(e)= λ
(
λ2(e)
)+ • λ2(e)= λ
(
λ1(e)
)+ • λ2(e).
Since λ(λ1(e))+ ∈ E(S) and λ1(e) µL λ2(e), we have λ(λ1(e))+ • λ1(e) L∗ λ(λ1(e))+ •
λ2(e), that is, λλ1(e) L∗ λλ2(e). Thus (λλ1, ρρ1) L∗ (λλ2, ρρ2), that is, (λ,ρ)(λ1, ρ1) L∗
(λ,ρ)(λ2, ρ2). Therefore (λ1, ρ1) µL (λ2, ρ2). ✷
We are now ready to describe the following result.
Theorem 3.4. The translational hull of a strong semilattice of cancellative monoids is still
a strong semilattice of cancellative monoids.
Proof. Suppose that S is a strong semilattice of cancellative monoids. Then S is a type-A
semigroup and µL = L∗ in S. Also, by Lemma 2.6, we know that Ω(S) is a type-A
semigroup. Hence it follows from Lemmas 3.2 and 3.3, that µL = L∗ in Ω(S). By using
the argument before Lemma 3.3, we see that E(Ω(S)) is central in Ω(S). Thus Ω(S) is a
strong semilattice of cancellative monoids. The theorem is proved. ✷
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The objective of this section is to establish the characterization theorem for the
translational hull of an E-reflexive type-A semigroup. To begin with, we give a description
for the translational hull of the proper case. The following lemma is crucial.
Lemma 4.1. Let S be a type-A semigroup and (λi , ρi) ∈ Ω(S), i = 1,2. If (λ1, ρ1) σ
(λ2, ρ2), then for all e ∈E(S), eρ1 σ eρ2 and λ1(e) σ ρ2(e).
Proof. Since (λ1, ρ1) σ (λ2, ρ2), by Lemma 2.7, there exists (λ,ρ) ∈ E(Ω(S)) such that
(λ,ρ)(λ1, ρ1) = (λ,ρ)(λ2, ρ2), that is, (λλ1, ρρ1) = (λλ2, ρρ2). This shows that λλ1 =
λλ2 and ρρ1 = ρρ2. Thus, for all e ∈E(S), we have λλ1(e)= λλ2(e) and (e)ρρ1 = (e)ρρ2.
Consequently, we can derive that
λ
(
λ1(e)
)+ • λ1(e)= λ
(
λ2(e)
)+ • λ2(e), eρ • eρ1 = eρ • eρ2.
Since λ(λi(e))+ and eρi ∈ E(S), i = 1,2, we have λ1(e) σ λ2(e) and eρ1 σ eρ2, as
required. ✷
Remark 4.2. In general, we do not know whether the converse of Lemma 4.1 is true or
not, however, the converse holds if S is finite.
The following theorem shows that the translational hull of a proper type-A semigroup
is still a proper type-A semigroup.
Theorem 4.3. The translational hull of a proper type-A semigroup S is still a proper type-A
semigroup.
Proof. Let S be a proper type-A semigroup and (λi , ρi) ∈ Ω(S), i = 1,2. If ((λ1, ρ1),
(λ2, ρ2)) ∈ R∗ ∩ σ , then, by Lemma 3.2, we have eρ1 R∗ eρ2 for all e ∈ E(S) and
by Lemma 4.1, we have eρ1 σ eρ2. Thus, (eρ1, eρ2) ∈ R∗ ∩ σ . Since S is proper, we
have eρ1 = eρ2 and hence, ρ1 = ρ2. By Lemma 3.1, we have λ1 = λ2. This shows that
(λ1, ρ1)= (λ2, ρ2), that is,R∗ ∩σ = ιΩ(S). Dually, we have L∗ ∩σ = ιΩ(S). Hence, Ω(S)
is a proper type-A semigroup. ✷
In the remaining, we consider the translational hull of an E-reflexive type-A semigroups.
We start with the following definition.
Definition 4.1. A type-A semigroup S is called E-reflexive if there exists a congruence τ on
S which is both aL∗-class-preserving and aR∗-class-preserving congruence on S such that
S/τ is a type-A semigroup with central idempotents and the relationR∗ ∩ τ = L∗ ∩ τ = ιS
holds on S.
In fact, it is easy to see that the above concept is a generalization of the E-reflexive
inverse semigroup. If the semigroup S is also an inverse semigroup, then S is just an
E-reflexive inverse semigroup in the sense of Petrich described in [9].
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of S and each semigroup Sα on the semilattice is abundant. By Proposition 6.9 in [4],
R∗|Sα =R∗(Sα) and L∗|Sα = L∗(Sα). Then we can easily check that each Sα is a type-A
semigroup . We omit the details.
Now, we define the following relation on S: For any α ∈ Y ,
a ηY b ⇔ there exist α ∈ Y and e ∈E(Sα) such that ae= be.
Thus a routine calculation shows that ηY is a congruence which preserves both the
L∗-classes and R∗-classes and S/ηY is a type-A semigroup with central idempotents.
Indeed, it is easy to see that ηY |Sα = σSα is the minimum cancellative monoid congruence
on Sα . Then, S/ηY is clearly a strong semilattice of all semigroups Sα/σSα . Now let τ be a
congruence which is both L∗-class-preserving and R∗-class-preserving congruence on S
and let S/τ be a type-A semigroup with central idempotents. If S/τ is a strong semilattice
X of the cancellative monoids Mα (α ∈ X), then by putting Tα = {x ∈ S: xτ ∈Mα}, we
know that Tα is a type-A subsemigroup of S since τ preserves both the L∗-classes and
R∗-classes. Thus S is a semilattice of all Tα . Since Mα becomes a quotient semigroup of
Tα under a cancellative congruence on Tα , we can deduce that σY ⊆ τX.
Summarize the above arguments, we have the following lemma.
Lemma 4.4. Let S be a type-A semigroup. Then S is a E-reflexive semigroup if and only
if there exists a congruence ρ which is both L∗-class-preserving and R∗-class-preserving
semilattice congruence on S such that ηS/ρ ∩R∗ = ι= ηS/ρ ∩L∗.
Lemma 4.5. Let S be a type-A semigroup. If S = [Y,Sα,ϕα,β ] is a semilattice
decomposition of S such that each Sα is a type-A semigroup, then the relation defined
by:
(λ1, ρ1) πY (λ2, ρ2) ⇔
(∀e ∈E(S)) (∃α ∈ Y ) λ1(e), λ2(e) ∈ Sα
is a semilattice congruence on Ω(S).
Proof. It is clear that πY is an equivalence relation on Ω(S). Let (λ,ρ) ∈Ω(S). Since for
all a ∈ S,
λ(a)= (λ(a))+ • λ(a)(λ(a))∗ = (λ(a))+ρ • a(λ(a))∗,
we have Y (λ(a)) Y ((λ(a))+ρ, where Y (a) is the element of Y such that a ∈ SY(a). So,
Y (λ∗(e)) Y (λ∗(e)ρ∗) for all e ∈ E(S). Now let e ∈ E(S). Also we define a Y b if and
only if Y (a)= Y (b). Then we can derive the following:
λ∗λ(e)= λ∗(λ(e))= λ∗(λ(e))+ • λ(e)= (λ(e))+ρ∗ • λ(e) Y λ(e) • (λ(e))+ρ∗
= λλ∗(e) • (λ(e))+ρ∗ = λ(λ∗(e)e) • (λ(e))+ρ∗ = λ(e • λ∗(e)) • (λ(e))+ρ∗
= λ(e) • λ∗(e) • (λ(e))+ρ∗ = λ(e) • (λ∗(e) • (λ(e))+)ρ∗
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= λ(e) • λ∗(e) • λ∗(e)ρ∗ Y λ(e) • λ∗(e) (by Y (λ∗(e)) Y ((λ∗(e))ρ∗))
= λ(e • λ∗(e))= λ(λ∗(e)e)= λ(e).
Since (λ,ρ) L∗ (λ∗, ρ∗), we have
(
λ2, ρ2
)= (λ,ρ)2 L∗ (λ∗, ρ∗)(λ,ρ)= (λ∗λ,ρ∗ρ)
and hence λ2(e) L∗ λ∗λ(e) which yields that λ2(e) Y λ∗λ(e). Since λ∗λ(e) Y λ(e) (the
above proof ), we conclude that λ2(e)Y λ(e). This shows that (λ,ρ) πY (λ,ρ)2.
Assume that (λi, ρi) ∈Ω(S), i = 1,2, and (λ1, ρ1) πY (λ2, ρ2). Then for all e ∈E(S),
λ1(e) Y λ2(e). Since
λλi(e)= λ
(
λi(e)
)= λ(λie)+ • λi(e)= λ(λie)+λi
(
λ∗i (e)
)= λ(λi(e)
)+ • λi
(
λ∗i e • e
)
= λ(λi(e)
)+ • λi
(
λ∗i (e)
)= λ(λi(e)
)+ • λi
(
e • λ∗i (e)
)= λ(λi(e)
)+ • λi(e) • λ∗i (e)
Y λ(λi(e)
)+ • λ∗i (e) • λi(e)= λ
((
λi(e)
)+ • λ∗i (e)
) • λi(e)
= λ(λ∗i (e) •
(
λi(e)
)+) • λi(e)= λ
(
λ∗i (e)
) • (λi(e)
)+ • λi(e)= λ
(
λ∗i (e)
) • λi(e)
= λ(e • λ∗i (e)
) • λi(e)= λ(e) • λ∗i (e) • λi(e) Y λ(e) • λi(e) • λ∗i (e)
= λ(e) • λi(e) (by Lemma 3.2),
we have
λλi(e) Y λ(e) • λi(e)
and consequently, we can easily see that λλ1(e) Y λλ2(e). Thus, (λλ1, ρρ1) πY (λλ2, ρρ2),
i.e., (λ,ρ)(λ1, ρ1) πY (λ,ρ)(λ2, ρ2). This shows that πY is left compatible.
With the above notations and by (λi , ρi) L∗ (λ∗i , ρ∗i ), we obtain that for all e ∈ E(S),
λi(e) L∗ λ∗i (e) so that λi(e) Y λ∗i (e). Now (λi, ρi) πY (λ∗i , ρ∗i ) and whence (λ∗1, ρ∗1 ) πY
(λ∗2, ρ∗2 ). Thus λ∗1(e) Y λ∗2(e) as well. Since
(λiλ,ρiρ)= (λi , ρi)(λ,ρ) L∗
(
λ∗i , ρ∗i
)
(λ,ρ)= (λ∗i λ, ρ∗i ρ
)
,
we have, by Lemma 3.2,
λ1λ(e)L∗ λ∗1λ(e)= λ∗1
(
λ(e)
)+ • λ(e) Y λ∗2
(
λ(e)
)+ • λ(e)= λ∗2λ(e)L∗ λ2λ(e)
so that (λ1λ,ρ1ρ) πY (λ2λ,ρ2ρ), i.e., (λ1, ρ1)(λ,ρ) πY (λ2, ρ2)(λ,ρ). Thus, πY is shown
to be right compatible.
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proof, we conclude that πY is indeed a congruence on S. Since Ω(S) is an adequate
semigroup, we have
(λ1, ρ1)(λ2, ρ2) πY
(
λ∗1, ρ∗1
)(
λ∗2, ρ∗2
)= (λ∗2, ρ∗2
)(
λ∗1, ρ∗1
)
πY (λ2, ρ2)(λ1, ρ1).
This shows that πY is indeed a semilattice congruence on S. The proof is completed. ✷
Remark 4.6. Recalling Proposition 6.9 in [4], the congruence τ on S induced by the
semilattice decomposition of S in Lemma 4.5 is both a L∗-class-preserving and R∗-class-
preserving congruence.
Now we turn to the proof of Lemma 4.5. As we have proved that (λ,ρ) πY (λ∗, ρ∗),
accordingly, πY preserves the L∗-classes on S. Since τ preserves both the L∗-classes and
R∗-classes, we have λi(e)Y λ+i (e) and so
λ1(e) Y λ2(e) ⇒ λ+1 (e) Y λ+2 (e) ⇒ eρ+1 Y eρ+2 ⇒ eρ1 Y eρ2.
Thus, by Remark 4.6, we can replace λ1(e), λ2(e) ∈ Sα in Sα by eρ1, eρ2 in Sα ,
respectively, and so it can be easily seen that πY preserves the R∗-classes on S.
Lemma 4.7. Suppose that the conditions in Lemma 4.5 hold. If (λ1, ρ1) ηπY (λ2, ρ2), then
for all e ∈E(S), there exists α ∈ Y such that λ1(e) σSα λ2(e) and eρ1 σSα eρ2.
Proof. Suppose that (λ1, ρ1) ηπY (λ2, ρ2). Then, we have (λ1, ρ1) σSY(λ1,ρ1) (λ2, ρ2)
and so, for some (λ,ρ) ∈ E(Ω(S)) with (λ,ρ) Y (λ1, ρ1), we have (λ1, ρ1)(λ,ρ) =
(λ2, ρ2)(λ,ρ). Consequently, for all e ∈ E(S), λ1λ(e) = λ2λ(e) so that λ1(e)λ(e) =
λ2(e)λ(e). This leads to λ1(e) σSY(λ1(e)) λ2(e). Dually, we have eρ1 σSY(eρ1) eρ2, that is,
eρ1 σSY(λ1(e)) eρ2. Thus the proof is completed. ✷
Based on the above lemmas, we now give the following interesting result.
Theorem 4.8. The translational hull of an E-reflexive type-A semigroup is still E-reflexive.
Proof. Suppose that S is an E-reflexive type-A semigroup. Then, Ω(S) is a type-A
semigroup and by Lemma 4.4, there exists a congruence ηY which is both a L∗-class-
preserving and a R∗-class-preserving semilattice congruence Y on S such that σY ∩R∗
= ι= σY ∩L∗. Since πY preserves both L∗-classes and R∗-classes (the above proof ), by
Lemmas 3.2, 4.3 and 4.7, we have ηπY ∩R∗ = ι = ηπY ∩ L∗. Thus the translational hull
Ω(S) is indeed E-reflexive, as required. ✷
Remark 4.9. As a consequence of Theorem 4.8, we give an affirmative answer to an open
problem posed by Petrich in 1984 (see [9, VII, 3.7 Problems]): Is the translational hull of
an E-reflexive inverse semigroup E-reflexive? The answer is the following corollary.
X. Guo, K.P. Shum / Journal of Algebra 269 (2003) 240–249 249Corollary 4.10. The translational hull of an E-reflexive inverse semigroup is E-reflexive.
Proof. Let S be an E-reflexive inverse semigroup. Then it follows from [9, V, 1.4
Corollary, p. 209] that Ω(S) is an inverse semigroup. By Theorem 4.8, Ω(S) is an
E-reflexive type-A semigroup. Hence Ω(S) is an E-reflexive inverse semigroup. ✷
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